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The possibility is considered of using two-dimensional temperature 
waves for determining the thermal diffusivity and thermal conductivity 
of solid and free flowing bodies from a single experiment without intro- 
ducing heat sinks into the sample. Conditions are found for the reliable 
achievement of the boundary conditions. 

The many advan tages  of methods  of d e t e r m i n i n g  
t h e r m o p h y s i e a l  p r o p e r t i e s  based  on the l aws  of a r e g -  
u l a r  t h e r m a l  r e g i m e  of  the  t h i rd  kind ( s t ab i l i zed  p r o p -  
aga t ion  of  t e m p e r a t u r e  waves )  have been  d i s c u s s e d  in  
de t a i l  [1,2] .  Because  of these  advan tages  t e m p e r a t u r e  
wave methods  a r e  now widely  used .  Unfor tunate ly ,  the 
m a j o r i t y  of t he se  methods  r e q u i r e  the in t roduc t ion  of 
t h e r m a l  s inks  into the s a m p l e ,  and in many e a s e s  th is  
m a y  be  u n d e s i r a b l e  o r  even c o m p l e t e l y  unaccep tab l e .  
It is  t rue  that  th i s  f a c t o r  i s  e l im ina t ed  in the method 
developod t h e o r e t i c a l l y  for  high t e m p e r a t u r e s  (above 
1000 ~ K) [4] and r e a l i z e d  us ing  e l e c t r o n i c  hea t ing  in 
vacuum and p h o t o m e t r i c  r e c o r d i n g  of the t e m p e r a t u r e  
o s c i l l a t i o n s  [5, 6], However ,  th is  method [4] does  not  
make  i t  p o s s i b l e  to d e t e r m i n e  the quant i t i es  a i ,  ,Xl, 
and clT 1 f rom a s ing le  e x p e r i m e n t  and is  unsu i t ab le  fo r  
h e a t - i n s u l a t i n g  m a t e r i a l s .  

A method has  been  put fo rward  [2] fo r  d e t e r m i n i n g  
at  and Xl which does  not  r e q u i r e  the in t roduc t ion  of 
hea t  s inks  into a s a m p l e ,  but  involves  double  m e a s u r e -  
m e n t s  a t  d i f f e r en t  f r e q u e n c i e s .  Repea ted  m e a s u r e -  
men t s  a r e  obvious ly  u n d e s i r a b l e .  P r o c e e d i n g  f rom the 
t h e o r e t i c a l  c o n s i d e r a t i o n s  in [2, 3], i t  can be  shown 
that  i t  i s  suf f ic ien t  to c a r r y  out the m e a s u r e m e n t s  a t  
one f r equency  if, in p r o c e s s i n g  the m e a s u r e m e n t s ,  use  
is  made  of both the ampl i tude  and phase  r e l a t i o n s h i p s  
of the r e c o r d e d  t e m p e r a t u r e  o s c i l l a t i o n s .  

Le t  s o m e  inf ini te  p la te ,  whose t h e r m o p h y s i c a l  p r o p -  
e r t i e s  a r e  to be  d e t e r m i n e d  be in t h e r m a l  contac t  
with a second inf ini te  p la te  ( s tandard)  having known 
va lues  of a2 and X2. T e m p e r a t u r e  o s c i l l a t i o n s  a r e  r e -  
corded  on the " f r ee"  s u r f a c e  of the f i r s t  p la te  and in 
the con tac t  p lane of the p l a t e s .  Under  e x p e r i m e n t a l  
condi t ions  the " f r e e "  s u r f a c e  of the f i r s t  p l ace  i s  usua l ly  
in contac t  with the s o u r c e  of t e m p e r a t u r e  o s c i l l a t i o n s  
by a thin l a y e r  whose  t h e r m o p h y s i c a l  p r o p e r t i e s  a r e  
not r e f l e c t ed  in the s t anda rd  work ing  fo rmulae .  If the 
t h i ckness  of the s t anda rd  p la te  is  suf f ic ien t ly  l a r g e  i t  
can be  cons ide r ed  a s e m i - i n f i n i t e  body.  Using,  in this  
ca se ,  Lap lace  t r a n s f o r m s  to so lve  fo r  the t h e r m a l  con-  
duc t iv i ty  and conver t ing  f rom the t r a n s f e r  t e m p e r a -  
t u r e  function in the contac t  p lane  to the c o r r e s p o n d i n g  
a m p l i t u d e - p h a s e  f requency  c h a r a c t e r i s t i c ,  we obtain 
for  the l a t t e r  the e x p r e s s i o n  

cl) = (l + h)/(l § h)ch ( • V i 2  ) + 

+<,--h>sh ,1, 

W r i t i n g  th is  in the  fo rm 

�9 = Mexp (i 8), (2) 

i t  is  p o s s i b l e  [3] to obtain ,  f r om the e x p r e s s i o n s  for  
M and 6, the funct ions  h = h (~ ,M)  and h = h(~,  6) in 
the  fol lowing f o r m :  

h = M ~" cos x - -  1 +f(Mlcos x - -  l )"--  

h = tg (x/2) + tg 8 exp • (4) 
tg (• - -  tg 8 

The  quant i t i es  M and 6 o c c u r r i n g  in t h e s e  equat ions  
a r e  found d i r e c t l y  f rom e x p e r i m e n t s .  If e x p r e s s i o n s  
(3) and (4) a r e  c o n s i d e r e d  as  a s y s t e m  of equat ions  
r e l a t i n g  n and h,  then  having  so lved  i t  the  unknown 
quant i t i es  al ,  k i ,  and clT1, carl be eva lua ted  in the fo l -  
lowing f o r m :  

2for  2 - s /"  al 1-4-h ~1 
a l = ~ ,  ~q=~.z | /  a2 l - - h '  c i y x =  al (5) 

The s y s t e m  of t r a n s c e n d e n t a l  Eqs.  (3) and (4) a l -  
lows only a n u m e r i c a l  s o l u t i o n ,  which can  be ob ta ined  
us ing  a n o m o g r a m  (Fig.  1). In the  r e c t a n g u l a r  c o o r d i -  
na tes  h, ~ two f a m i l i e s  of c u r v e s  a r e  c o n s t r u c t e d :  
h = h(~) fo r  v a r i o u s  va lues  of the p a r a m e t e r  M a c c o r d -  
ing to f o r m u l a  (3), and h -- h(~) for  v a r i o u s  va lue s  of 
the p a r a m e t e r  6 a c c o r d i n g  to f o r m u l a  (4). The c r o s s i n g  
po in t s  of the two c u r v e s ,  c o r r e s p o n d i n g  to e x p e r i m e n t a l  
va lues  of M and 6, give the unknown va lues  of the quan t -  
i t i es  h and ~ .  In the work ing  n o m o g r a m ,  the fo l lowing 
l i m i t i n g  v a l u e s  a r e  p rov ided  fo r :  ~ ,  f r o m  0.75 to 3.50; 
h, f r o m  - 0 . 8 0  to 0.80; M, f r o m  0.10 to 0 . 8 0 ; - 6 ,  f r o m  
0.30 to 1.72. The s c a l e  along the coo rd ina t e  axes  is  
0.005 p e r  1 m m  length,  and the d i f f e r ence  be tween  the 
va lue s  of a p a r a m e t e r  c o r r e s p o n d i n g  to two n e i g h b o r -  
hag c u r v e s  in each  f a m i l y  is  equal  to 0.01. F i g u r e  1 
shows a l a r g e  p a r t  of the n o m o g r a m  on a r e d u c e d  s ca l e .  

F r o m  f o r m u l a  (5) and Fig.  1 i t  is  s een  that  the  
n o m o g r a m  is  mos t  a c c u r a t e  in the  r eg ion  c l o s e  to h = 
= 0 ,  ~ = T r .  

Le t  us find the  condi t ions  in which the s t anda rd ,  a 
p la t e  under  ac tua l  condi t ions ,  can be c o n s i d e r e d  a 
h a l f - s p a c e  (a s e m i - i n f i n i t e  body). A s t a n d a r d  p la te  of 
t h i c k n e s s  a p p r e c i a b l y  g r e a t e r  than the m i n i m u m  n e c -  
e s s a r y  i s  u n d e s i r a b l e ,  s i nce  i t  i n c r e a s e s  e i t h e r  the 
hea t ing  t ime  for  the  s y s t e m  s a m p l e - s t a n d a r d  to r e a c h  
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Fig.  1. Nomogram for d e t e r m i n i n g  the auxi l ia ry  quant i t ies  h and x 
f rom values of M and 6. 
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Fig. 2. The var ia t ion  in the re la t ive  
e r r o r s  of M and (%), caused by the 
f ini te  m e a s u r e m e n t s  of the s tandard  
body, with n = • 2 1 5  at h = 0, ~. = 
= ~/~: 1--~M0/M; 2--A6e/6;  3 - - A M ~ /  

/NI; 4--~6~o/6. 
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a cons t an t  a v e r a g e  t e m p e r a t u r e ,  o r  the  in t e rna l  d r o p  
in t e m p e r a t u r e ,  should  the  a v e r a g e  t e m p e r a t u r e  of the  
s y s t e m  change con t inuous ly  d u r i n g  the m e a s u r e m e n t  
(c f . ,  for  e x a m p l e ,  [2]). Le t  us suppose  tha t  c o n v e c -  
t ive  hea t  exchange  o c c u r s  on the  f r e e  s u r f a c e  of the  
standard" p la te  of f in i te  t h i c k n e s s .  In the  c a s e  of a 
s t a n d a r d  p la te  of f in i te  t h i c k n e s s ,  having  obta ined ,  
u s ing  L a p l a c e  t r a n s f o r m s ,  the  t r a n s f e r  t e m p e r a t u r e  
funct ion in the  p lane  of con tac t  of the  p l a t e s ,  and con -  
v e r t i n g  to the  c o r r e s p o n d i n g  a m p l i t u d e - p h a s e  f r e -  
quency c h a r a c t e r i s t i c  r with r e s p e c t  to the  h a r m o n i c  
t e m p e r a t u r e  e f fec t  on the  f r e e  s u r f a c e  of the  f i r s t  
p l a t e ,  we obta in  

.,,(.. x (,,{,, [ , .+..>vq]- 

The l e a s t  f a v o r a b l e  c a s e s  a r e  the  l i m i t s  Bi = 0 and 
Bi ~ ~ .  The a m p l i t u d e - p h a s e  f r equency  c h a r a c t e r -  
i s t i c s  #b e and r c o r r e s p o n d i n g  to t h e s e  c a s e s  wil l  be  
equal  to 

,,o-,, +,>,, (,. [ , ,+, .>W]-,  

+ , , '  ,,> 

- - h s h  [ ( •  1 . (8) 

Let  us c o n s i d e r  the  r e l a t i o n s h i p s  

u/o M § A Mo exp (i hSo), 
q) A4 

W| M § A M= exp (i Aft) .  
q) M 

(9) 

H e r e  the quant i t i es  AM o and AM,,, a r e  obv ious ly  the  
a b s o l u t e  e r r o r s  in the  r a t i o s  of a m p l i t u d e s  of the  t e m -  
p e r a t u r e  o s c i l l a t i o n s ,  c aused  by the f in i te  t h i c k n e s s  
of  the  s t a n d a r d  p l a t e  at  Bi = 0 and B --- % r e s p e c -  
t i ve ly ,  and A50 and A6~o a r e  the  ana logous  abso lu t e  
e r r o r s  of  the  phase  d i f f e r e n c e s .  

Using f o r m u l a e  (1), (7), and (8) we obta in  (9) in the 
fo l lowing  f o r m :  

Wo 
(I) 

= ch (n • )/i-]2) [(1 -~ h) ch (x V / ~ )  ~- (1-:  h) sh (• 
ch [(n q-1)• ~ - h c h  [ ( n - - 1 ) u V / ~ J  ' 

q) 

sh (nnVF/2) [(1 q- h)ch (u V/-~) 4= (1 - -h ) sh  (~ V i ~ ) ]  
= sh [(n 4 - 1 ) u V / ~ ] - - h s h [ ( n - - 1 ) x V [ ~ l  . (10) 

The  e r r o r s  AM0, AM~,  A60 and A6,o at  h = 0 and 
= ~ we re  eva lua t ed  f rom Eqs.  (10). The  v a r i a t i o n  

of the  r e l a t i v e  e r r o r s  AM0/M, A M ~ / M ,  A60/6  and 
A6,~/6 (in p e r  cent)  wi th  the  quant i ty  n a r e  shown in 
F ig .  2. In t h e s e  c a l c u l a t i o n s  use  was m a d e  of T a b l e  
7.3 in monograph  [7], which d e m a n d s  l i t t l e  p r e c i s i o n  
in the  r e g i o n  n > 2.5. F r o m  Fig .  2 i t  is  s e e n  tha t  for  
the chosen  va lues  of ~ and h, both  for  Bi = 0 and Bi - -  
--- ~ ,  both e r r o r s  do not exceed  1% if  n > 4; for  n > 
> 4.5 the  e r r o r s  c a u s e d  by the f in i te  t h i c k n e s s  of the  
s t a n d a r d  p l a t e  a r e  a l m o s t  z e r o  with the  m o s t  p r e c i s e  
m e a s u r e m e n t s .  In p r a c t i c e  va lue s  of  ~ > ~f2 a r e  u sua l ly  
encoun te red .  Ca l cu l a t i ons  show tha t  in th i s  c a s e  va lues  
of n can be  chosen  which a r e  even  s m a l l e r .  F o r  e x -  
amp le ,  for  ~ = 2~f2, a va lue  of n = 4 is  su f f i c i en t  for  
m e a s u r e m e n t s  of any p r e c i s i o n ,  Ca l cu l a t i ons  a l so  
show that  by choos ing  va lues  of n in c o n f o r m i t y  with 
t h e s e  c r i t e r i a  the  change  in h in the  i n t e r v a l  [ - 1 ,  1] 
i n t roduce  a l m o s t  no e r r o r  into the  va lue s  of M and 6 
d e t e r m i n e d  e x p e r i m e n t a l l y .  

NOTATION 

R is the  t h i c k n e s s  of the  f i r s t  inf in i te  p l a t e  ( s a m -  
ple) ;  at ,  }'1, c l  and ~/1 a r e  the  c o r r e s p o n d i n g  t h e r m a l  
d i f fus iv i ty ,  t h e r m a l  conduc t iv i ty ,  s p e c i f i c  hea t  c a -  
pacit); ,  and dens i ty  of the  m a t e r i a l  of th i s  p la t e  (de-  
t e r m i n a b l e  quan t i t i e s ) ;  L is  the  t h i c k n e s s  of the s e c -  
ond inf in i te  p l a t e  ( s tandard) ;  a 2 and }'2 a r e  the c o r r e s -  
ponding t h e r m a l  d i f fus iv i ty  and t h e r m a l  conduc t iv i ty  
of the  m a t e r i a l  of the second  p la t e ;  M is the  r a t i o  of 
the  amp l i t ude  of the  t e m p e r a t u r e  o s c i l l a t i o n s  in the  
p lane  of con tac t  of the  p l a t e s  to the  c o r r e s p o n d i n g  
amp l i t ude  on the f r e e  s u r f a c e  of the f i r s t  p l a t e  a t  L -~ 

.o; 5 is  the  p h a s e  d i f f e r e n c e  of  t h e s e  o s c i l l a t i o n s  
is  the hea t  exchange  coe f f i c i en t  on the  f r ee  s u r f a c e  

of the  second  p la te ;  Bi = otL/X 2 is  B io t ' s  c r i t e r i o n ;  

h = (kl a,r - k z aV~ll)/(;t14~2 + ~.ZV~l);Vt = x / ~ l  R; 
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